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Kinematic Synthesis and Innovation
Kinematic synthesis of robotic systems is part of the design process.
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Drawing a Straight Line
James Watt (1775) used a straight-line linkage to provide double-acting expansion in the steam engine.

Roberts linkage

Chebyshev linkage

Kempe straight line linkage

Kempe rectilinear linkage
Peaucellier linkage

Drawing Algebraic Curves
Kempe (1876) showed for any algebraic curve there is
linkage that draws the curve, Kempe’s Universality Theorem.

RR chain

negate

multiply

add

translate
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Kempe’s Universality Theorem
Mathematicians Michael Kapovich and John Millson provided what is
recognized as the first complete proof of Kempe’s Universality Theorem

Saxena provides a useful demonstration of the design
process to obtain a linkage consisting of 48 links and
70 joints to draw the curve:

Saxena, A.: Kempe’s linkages and the universality theorem. Resonance
March, 220–237 (2011)
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Synthesis of Path-Generating Mechanisms
by Numerical Methods'
Algebraic methods in kinematic synthesis are extended to cases in which the development of iterative numerical procedures are required.
Algorithms are developed for the
numerical solution of nonlinear, simultaneous,
algebraic equations.
Convergence is
obtained without the need for a "good" initial
approximation.
The theory is applied to the nine-point path synthesis of geared five-bar motion, in
terms of which four-bar motion may be considered as a special case.

Introduction

L

I HE approximate synthesis of a given path by use of
hinged mechanisms has been studied extensively in connection
with four-bar mechanisms. Analytical [l] 2 and graphical [2]
solutions have been obtained for the problem specified in terms
of five precision points and four crank angles; however, problems
specified in terms of nine (joints (and no angles) have not been
previously solved. Two published formulations of the nine-point
path-synthesis problem are known to the authors [2, 3]. Both
are for the four-bar mechanism; however, in the first no attempt
is made to solve the equations, and in the second the suggested
method of solution seems incomplete.
In this investigation we consider geared five-bar mechanisms,
Fig. 1. Since they can generate a large variety of coupler curves
[4, 5, 6], these linkages can be used for the solution of varied and
complex design problems [7]. Their analysis is more involved
than that of four-bar mechanisms, which can be considered as a
special case of the geared five-bar—-both mechanisms have
equivalent coupler curves when the gear ratio is plus one (8, 9, 10,
11]. Previous geared five-bar path syntheses consist of a graphical-design procedure based on the t wo-degree-of-freedom property
of the five-bar "loop" (12], and two analytical formulations of the
prescribed crank-rotation problem [13, 19],
Four-bar linkages have (single) coupler links whose both hinge
points describe a circular path. In contrast, five-bar linkages
have two "floating" coupler links, where only one of the two hinge
points (on each link) describes a circular path. Therefore, if the
four-bars are called "double circle point" mechanisms, the geared
five-bar mechanisms are "single circle point" mechanisms. The
present work can be interpreted as a generalization of Burmester's
theory to the (single circle point) geared five-bar group: By
deriving and solving the equations of synthesis we obtain the
center and circle points for the coupled motion of two planes, in
this case determined by eight path-increment vectors and no
crank angles.

parameters are eliminated at the start and the closure equations
reduced to one (nonlinear) equation per precision condition [3].
Secondly, mathematical methods were developed in order to obtain convergence of the numerical iterations used in solving these
equations. These mathematical methods, which are included in
a digital computer program, contain the following new features:
1 The "bootstrap" procedure—this essentially eliminates the
need for a "good" initial approximation.
2 The "position interchange" procedure—this reformulates
the problem in order to eliminate the cause of nonconvergence.
3 The "quality-index-control" procedure—this assures convergence to solutions characterized by a reasonable ratio of maximum to minimum link length.

The Theory of Path Synthesis
Definition. Dimensional kinematic synthesis is the procedure
of determining the dimensions of a mechanism from the required
motion. When the synthesis is phrased in terms of generating a
given curve, the procedure is called path synthesis.
Usually one does not attempt to generate the given curve exactly. In fact, only a limited class of motions could be so generated (18, 22], and in general it suffices if within a desired interval the generated curve is a good approximation to the given
one. In this paper the approximate path-synthesis problem is
formulated by specifying the location of the precision points
(points at which the given curve and the generated path coincide);

C. W. Wampler, A. J. Sommese, and A. P. Morgan, 1992. “Complete
solution of the nine-point path synthesis problem for four-bar
linkages,” Journal of Mechanical Design, 114(1):153–159.
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The geared five-bar problem possesses a degree of complexity
which renders closed-form algebraic solutions unattainable.
Solutions closed-form have been developed for path-angle syntheses with the aid of complex-number and matrix concepts [1 ].
In the present investigation, the extension of these concepts is
based on two procedures. The first is the transformation of the
equations of synthesis into an appropriate form. The "unwanted"
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Fig. 1

Geared five-bar mechanism

Transactions of the ASME

Unsolved: Six-bar Path Synthesis
N=15 points on a trajectory
yields 154 quadratic equations
in 154 unknowns.
Total degree d=2154 or
d=2.3x1046.
Beyond our current
computation capabilities.

Normalization conditions and three pairs of loop equations:

Solved: Six-bar Function Generation
For N=11 coordinated angles this yields 70
equations in 70 unknowns.
Bezout bound d = 270 = 1.18x1021, the
multi-homogeneous degree is d = 264x106.
300 hrs on 256 nodes of a high
performance computing cluster.
Three sets of normalization equations,
Two sets of loop equations:

M. Plecnik and J. M. McCarthy, “Computational Design of Stephenson II Six-bar Function Generators for 11 Accuracy Points,”
ASME Journal of Mechanisms and Robotics, Vol 8(1), February 2016.

Modified Six-bar Path Synthesis
Path synthesis can be transformed to synthesis of a function generator
1. Specify an RR chain

2. Move the RR chain through 11 specified points

3. Compute the Inverse
Kinematics of the RR chain to
obtain the joint angle function
(νj, ζj), j=0,…,10

Pj
ψ'

ζ

−ϕ'

ν
4. Solve the synthesis equations for 11 point Stephenson II function generators
5. Attach the function generator to the RR chain

Walking Machines
Theo Jansen designed an eight-bar
linkage for the legs of his Strandbeest
We can design a six-bar linkage
with a similar walking gait

j

x

0

−5.160

−83.957

1

8.346

−84.026

2

21.993

−83.632

3

32.259

−82.128

4

33.018

−79.911

5

16.497

−73.889

6

−6.363

−62.120

7

−28.276

−74.865

8

−33.406

−80.964

9

−27.733

−83.440
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Different Gaits
Once the general homotopy is solved, parameter homotopies execute rapidly.
Here are results for other foot trajectories

Cognate
linkages

Prototype Walker
One of the leg designs
was manufactured as a
compliant linkage
Lasercut polypropylene
Used to build a robot
about 30 cm in length

Wings Instead of Legs
Mechanically controlled serial chain that
reproduces the wing-tip trajectory of the
black-billed magpie.

Wingtip

Data obtained from Tobalske and Dial high speed
video footage of a black-billed magpie flying
Wrist
{X,

Wrist
B. Tobalske, and K. Dial, 1996. “Flight kinematics of black-billed
magpies and pigeons over a wide range of speeds,” The Journal of
Experimental Biology, 199(2):263–280.

Y,

Wingtip
Z}

{X,

Y,

Z}

1

{1.79, 0.80, 3.55}

{5.58, -2.87, 9.37}

2

{3.11, -0.05, 1.61}

{8.97, -0.04, 6.52}

3

{3.37, -0.61, -0.24}

{10.77, 0.68, 2.26}

4

{2.98, -0.30, -1.18}

{9.63, 0.68, -1.10}

5

{2.10, 0.14, -1.40}

{5.49, -1.08, -6.33}

6

{1.48, 0.26, -0.46}

{1.66, -2.14, -7.49}

7

{0.91, 0.48, 1.08}

{1.35, -5.62, -3.92}

8

{0.57, 0.89, 2.24}

{2.67, -5.66, 3.42}

Mechanically Driven Spatial Chain
A TRR spatial chain was selected to model the magpie wing

TRR Chain

TR Subchain

Driving Six-bar Linkages
The four target functions and the six-bar linkages that generate them

Biomimetic Movement
Solutions of the synthesis polynomials for each of the four target functions
ψA=fA(ϕ), ψB=fB(ϕ), ψC=fC(ϕ), ψD=fD(ϕ)
Binary Driven
ψB
ψC

ψA
Linkage solutions
Design Candidates
11 point mechanisms
10 point mechanisms
9 point mechanisms
8 point mechanisms
Feasible designs
Synthesis computation
time (hr)
Analysis computation
time (hr)

ψD

11428 7215 12870 11693
6068 4012
0
0
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As many as 45x106 possible wing linkage designs.

Hovering Wing Movement
A

D
B

O
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F
C

Balta,M.,Ahmed,K.A.,Wang,P.L.,McCarthy,J.M., and Taha, H. E.,
2017. “Design and manufacturing of flapping wing
mechanisms for micro air vehicles”. In 58th AIAA/ASCE/AHS/
ASC Structures, Structural Dynamics, and Materials
Conference, p. 0509.

Another Look at Mechanical Computation
Replace Kempe’s linkages for addition, negation, multiplication and translation with
the equivalent elements:
Use mechanical computation:
a bevel gear differential to add angles, and
cable drives to reverse, multiply and translate
Bevel gear differential to add.

Cable drives to reverse, multiply and translate.

Drawing Algebraic Curves

Alex Kobel (http://www.a-kobel.de/kempe/)

Mechanical Fourier Series

1. A closed parameterized curve, f(t)=(x(t), y(t)), has a Fourier series expansion of the
coordinate functions, x(t) and y(t);
2. Scotch yoke mechanisms generate cosine and sine terms, add using a belt and pulleys;
3. Combine the movements of x and y coordinates to draw the curve.

D. C. Miller, ``A 32-element Harmonic
Synthesizer,’’ Journal of the Franklin Institute,
Jan. 1916.

The Heart Curve

Trigonometric Plane Curves

Curves Defined by Points
The Discrete Fourier Transform of boundary points yields
a trigonometric curve z(t)=(x(t), y(t)).

The logo boundary of 3235 points yielded 19 terms for x(t) and y(t).
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Epicycles: The Trifolium Curve

Epicycles: The Coupled Serial Chain
The Butterfly mechanism draws the Butterfly curve:

Y. Liu and J. M. McCarthy, "Design of Mechanisms to Draw Trigonometric Plane
Curves," special issue “Selected Papers from the IDETC 2016,” Journal of Mechanisms
and Robotics, April 2017, Vol 9(2). doi: 10.1115/1.4035882

The Trigonometric Bezier Curve
A cubic Bezier curve is defined by four control points.

A cubic Trigonometric Bezier curve can be defined by the same four control points.

The shape parameter provides
adjustment of the shape of the
trigonometric Bezier curve to fit
the original Bezier curve.

Y. Liu and J. M. McCarthy, “Design of a Linkage to
Draw a Bezier Curve.” Submitted to Mechanism and
Machine Theory.

25

A Linkage Signs Your Name

Each of the serial
chains is driven by the
same input.
The system has one
degree-of-freedom

A Linkage Writes Chinese

Each of the serial
chains is driven by the
same input.
The system has one
degree-of-freedom

Inventors

Conclusions
Path synthesis of a four-bar coupler curve through nine points has been solved. Path
synthesis of a six-bar coupler curve through 15 points is unsolved, because is beyond our
computational capabilities.
Kempe’s Universality Theorem, proves the existence of a drawing linkage for every
algebraic curve, but the construction yields complex systems with hundreds of links for a
cubic curve.
Fourier approximation yields trigonometric plane curves that can be drawn by a coupled
serial chain.
Trigonometric cubic Bezier curves can be drawn by four-link coupled serial chains. Thus,
a one degree-of-freedom linkage system can sign your name and write cursive Chinese.
Kinematic synthesis of robotic systems to draw curves contributes to design innovation.
Opportunities are as varied as stroke rehabilitation, disaster relief, vehicle suspensions,
and walking and flying robots.

Thank you, do you have any questions?

